Abstract-In this letter, we design a decentralized control protocol for the collision avoidance of a multi-agent system, which is composed of 3-D ellipsoidal agents that obey second-order uncertain Lagrangian dynamics. More specifically, we derive a novel closed-form smooth barrier function that resembles a distance metric between 3-D ellipsoids and can be used by feedback-based control laws to guarantee inter-agent collision avoidance. Discontinuities and adaptation laws are incorporated in the control protocol to deal with the uncertainties of the dynamic model. The control laws are decentralized, in the sense that each agent uses only local sensing information. Simulation results verify the theoretical findings.
I. INTRODUCTION

C
OLLISION avoidance in systems comprised of multiple robotic agents is a crucial safety property that needs to be always achieved. Except for the single-agent case [1] , [2] , multi-agent collision avoidance is tackled in a variety of works (e.g., [3] - [8] ), where the multi-agent system aims for a primary objective (navigation, formation). The majority of the related works considers spherical agents, which provide a straightforward metric for the inter-agent or the agent-toobstacle distances. However, since the shapes of real robotic vehicles can be far from spherical (e.g., robotic manipulators), that approach can be too conservative and may prevent the agents from fulfilling their primary objectives. Ellipsoids, on the other hand, can approximate more accurately the volume of autonomous agents (see Fig. 1 ). The authors in [1] , [9] , [10] employ diffeomorphisms to transform arbitrarily-shaped obstacles, including ellipsoids, to points. This methodology, however, is not straightforwardly extendable to the case of moving obstacles (i.e., multiple autonomous agents). A point-world transformation of multiagent systems was taken into account in [11] , [12] . As described in [11] though, each agent's transformation deforms the other agents into shapes whose implicit closed-form equation (and hence a suitable distance metric) is not trivial to obtain. The methodology of [9] provides useful insight, where the volume of each agent is "absorbed" to the other agents via Minkowski sums. The closed-form implicit equation of the resulting shapes, however, although possible to obtain [13] , cannot be used to derive an appropriate distance metric in a straightforward way; [14] derives a conservative inter-ellipsoid distance by employing ellipsoid-to-sphere transformations and eigenvalue computations. An arithmetic algorithm that produces velocities for inter-agent elliptical agents is derived in [15] , without, however, theoretical guarantees. Optimization-based techniques (e.g., Model Predictive Control), which can be employed for collision avoidance of convex-shaped agents [16] , can be too complex to solve, especially in cases where the control must be decentralized and/or complex dynamics are considered. The latter property constitutes another important issue regarding the related literature. In particular, most related works consider simplified singleor double-integrator models, which deviate from the actual dynamics and can lead to performance decline and safety jeopardy.
Barrier functions constitute a suitable tool for expressing objectives like collision avoidance. Originated in optimization, they are continuous functions that diverge to infinity as their argument approaches the boundary of a desired/feasibly region. Barrier Lyapunov-like functions for general control systems can be found in [17] , [18] , and in [3] , [19] , [20] for multi-agent systems, for obstacle avoidance with spherical obstacles/agents and time-dependent tasks.
According to the authors's best knowledge, there are no existing works addressing collision avoidance between 3D ellipsoidal agents subject to dynamic uncertainties and external disturbances under closed-form control protocols, which is the focus of this letter. In particular, we design smooth closed-form barrier functions for the collision avoidance of Ellipsoid approximation of (a) the rigid links of a robotic manipulator, (b) a mobile robot (top and front view).
ellipsoidal agents. By employing results from the computer graphics field, we derive a novel closed-form expression that represents a distance metric 1 of two ellipsoids in 3D space. Moreover, we use the latter to design a control protocol that guarantees the collision avoidance of a multi-agent system that aims to achieve a primary objective, subject to uncertain 2nd-order Lagrangian dynamics. The derived control law is (i) decentralized, in the sense that each agent calculates its control signal based on local information, (ii) discontinuous and adaptive, in order to compensate for the uncertainties and external disturbances. We note that the derived barrier functions have appeared in our preliminary results [21] , incorporated however with simpler dynamics. This letter provides significant improvements, also from a practical viewpoint, by considering external disturbances and more general uncertainties in the agents' dynamics. Moreover, in contrast to [21] , we present here an important symmetric property of the derived barrier functions (Proposition 3) that plays a key role in the multi-agent control design procedure.
The rest of this letter is organized as follows. Section II provides preliminary background and the used notation. Section III formulates the treated problem and Section IV illustrates the main results. Section V is devoted to a simulation example and Section VI concludes this letter.
II. NOTATION AND PRELIMINARIES
A. Notation
The sets of natural and real numbers are denoted by N, and R, respectively, and R ≥0 , R >0 are the sets of nonnegative and positive real numbers, respectively; x 1 and x denote the 1-and 2-norm, respectively, of a vector x ∈ R n ; SE(3) is the special Euclidean group and S n−1 is the n-dimensional sphere. Given a set A, its interior is denoted by 
where μ(N)=0 is the intersection over all setsN of Lebesgue measure zero, and co(E) is the convex closure of the set E. The Filippov regularization of sgn(x) ∈ R is denoted 1 By distance metric we mean that it is zero in a collision between the ellipsoids and positive otherwise.
B. Cubic Equations and Ellipsoid Collision
Proposition 1: Consider the cubic equation f (λ) = c 3 λ 3 + c 2 λ 2 + c 1 λ + c 0 = 0 with c ∈ R, ∀ ∈ {0, . . . , 3} and roots
(λ i − λ j ) 2 , the following hold:
(i) = 0 ⇔ ∃i, j ∈ {1, 2, 3}, with i = j, such that λ i = λ j , i.e., at least two roots are equal, (ii) > 0 ⇔ λ i ∈ R, ∀i ∈ {1, 2, 3}, and λ i = λ j , ∀i, j ∈ {1, 2, 3}, with i = j, i.e., all roots are real and distinct. Proposition 2 [23] : Consider two planar ellipsoids A = {z ∈ R 3 s.t. z A(t)z ≤ 0}, B = {z ∈ R 3 s.t. z B(t)z ≤ 0}, with z = [p 1] , p ∈ R 2 , and A, B : R ≥0 → R 3×3 terms that describe their motion in 2D space. Given their characteristic polynomial f (λ) = det(λA − B), which has degree 3, the following hold:
, the polynomial f (λ) has always one positive real root, (ii) A ∩ B = ∅ if and only if the characteristic equation f (λ) = 0 has two distinct negative roots, i.e., ∃λ 
C. Nonsmooth Analysis
Consider the following differential equation with a discontinuous right-hand side:ẋ
where 
where ∂V(x, t) is the Clarke's generalized gradient [24] .
Theorem 1 ([24, Corollary 2]):
For the system given in (1), let D ⊂ R n be an open and connected set containing x = 0 and suppose that f is Lebesgue measurable and x → f (x, t) is essentially locally bounded, uniformly in t. Then for all Filippov solutions x : [t 0 , t 1 ) → R n of (1), with
III. PROBLEM FORMULATION
Consider N > 1 ellipsoidal autonomous agents, with N := {1, . . . , N}, operating in SE(3), and described by the ellip-
is the ith agent's center of mass pose, where p i ∈ R 3 is its inertial position and η i := [ϕ i , i ] ∈ S 3 its unit quaternion-based orientation, with ϕ i ∈ R, i ∈ R 3 its scalar and vector parts, respectively, subject to
z,i , −1}, corresponding to the principal axis lengths l x,i , l y,i , l z,i ∈ R >0 of agent i's ellipsoid, and T i ∈ SE(3) is the transformation matrix describing the translation and orientation of agent i's center of mass, ∀i ∈ N . The agents' motion follows the 2nd-order dynamics:
where
being its angular velocity,Ē η : S 3 → R 7×6 is the matrix mapping the quaternion rates to velocities [25] , M i : M → R 6×6 are positive definite inertia matrices, satisfying the property m ≤ M i (x) ≤m, ∀x ∈ M, i ∈ N , for positive constants m,m, C i : M × R 6 → R n×n are the Coriolis terms, g i : M → R 6 are the gravity vectors, f i : R 6 → R 6 are unknown vector fields that represent static friction-like terms, d i : R ≥0 → R 6 are unknown external disturbances, and u i ∈ R 6 are the robots' control inputs, ∀i ∈ N . The terms M i , C i and g i are continuous everywhere, the terms f i are locally bounded and continuous almost everywhere, and d i are measurable and uniformly bounded. We also consider that u i is decomposed as u i = u f ,i + u s,i , where u f i is a bounded term that is responsible for some (potentially cooperative) task, and u s,i is a control term to be designed in order to achieve multi-agent decentralized collision avoidance, ∀i ∈ N . More specifically, we consider that φ(x) ∈ R ≥0 is a term that corresponds to the cooperative task dictated by u f ,i , with
, for continuous positive definite functions c 1 , c 2 , and nonempty sets {x ∈ X :
The conditions for φ are satisfied by standard quadratic functions, e.g.,
} (for formation) for sufficiently distant α i , α i,j , where F is a potential formation set and e η i , e η i,j represent appropriate quaternion errors [25] . Note that φ and u f ,i are not responsible for collision avoidance or compensating model uncertainties.
The dynamics (2) have the following properties [26] .
Property 2: The gravity terms of (2) 
are known continuous matrices, and θ i ∈ R , ∈ N, are constant but unknown dynamic parameters of the agents, ∀i ∈ N .
Property 3 [26] : The friction terms are dissipative, i.e.,
Moreover, the following assumption is needed.
Note that in our previous work [21] we imposed a growth condition on the terms f i (·) and we did not consider any form of external disturbances. In addition, we consider that each robot has a limited sensing radius d con,i ∈ R >0 , with
Moreover, we consider the complete graphḠ := (N ,Ē), with
and an edge numbering setM := {1, . . . ,M}. Finally, given an edge m ∈M, we use the notation (m 1 , m 2 ) ∈ N 2 for the robot indices of edge m ∈M. As discussed in Section I, the agents need to avoid collisions with each other, while executing their task, dictated by u f ,i . To that end, we aim to design closedform barrier functions and decentralized feedback control laws u s,i that guarantee collision avoidance among the ellipsoidal agents, while compensating appropriately for the model uncertainties and the external disturbances. By "decentralized", we mean here that agents can use only local information, in view of their limited sensing radius (i.e., only p j , η j , j ∈ N i (p)). Formally, the treated problem is the following.
Problem 1: Given N 3D ellipsoidal autonomous agents with the uncertain Lagrangian dynamics (2) executing tasks dictated by u f ,i , design 1) closed-form barrier functions that encode collision avoidance of the agents, 2) decentralized control laws in u s,i that guarantee interagent collision avoidance, i.e., 
IV. MAIN RESULTS
This section describes the proposed solution to Problem 1. In order to deal with the ellipsoidal collision avoidance, we employ results from computer graphics that are related to detection of ellipsoid collision and we build appropriate barrier functions whose boundedness implies the collision-free trajectories. Moreover, we use adaptive and discontinuous control laws to appropriately compensate for the uncertainties and external disturbances of (2) .
We employ first the results described in Proposition 2 to build an appropriate ellipsoidal barrier function. Note, however, that these results concern planar ellipsoids and cannot be straightforwardly extended to the 3D case, which is the case of the considered multi-agent system. For that reason, we consider the respective planar projections. For an ellipsoid . By substituting
Therefore, we conclude that the discriminants 
which needs to remain positive for all times in order to achieve the collision avoidance property, i.e., m ( 
where¯ m is a positive constant satisfying¯ m < m , ∀m ∈ M. Then, by choosing
, where γ σ is a positive scaling constant, we incorporate the limited sensing radius of the agents in the collision avoidance scheme, since We propose now a decentralized feedback control law for the solution of Problem 1. Firstly, we define the estimations of the unknown terms θ i ∈ R and d b i ∈ R of Property 2 and Assumption 1, respectively, asθ i ∈ R andd b i ∈ R, with the respective errors θ i :=θ i − θ i and
By using adaptive and discontinuous control techniques, we prove in the following that these estimations compensate appropriately for the unknown terms, without necessarily converging to them. In particular, we design the feedback control laws for u s,i as
where α(i, m) = −1 if agent i is part of edge m, and α(i, m) = 0 otherwise, ∀i ∈ N , m ∈M, and κ m :=
Moreover, we design the associated adaptation lawṡ
with arbitrary bounded initial conditions, where γ θ,i and γ d,i are positive gains, ∀i ∈ N . The correctness of (5)- (6) is shown in the following theorem. Theorem 2: Consider a multi-agent system comprised of 3D ellipsoidal agents and subject to the dynamics (2) at a collision-free initial configuration, i.e., A i (x i (0))∩A j (x j (0)) = ∅, ∀i, j ∈ N with i = j. Then, application of the control and adaptation laws (5), (6) guarantees that the agents avoid collisions for all times, i.e.,
Since the initial configuration is collision-free, it holds that ζ x (0) ∈ Z x . By combining (2), (5), and (6), we obtain the closed-loop system dynamicsζ x = F ζ (ζ x , t). It can be verified that F ζ is measurable in t over R ≥0 and measurable and locally bounded in ζ x over Z x . Hence, by invoking [27, Prop. 3] , we conclude that at least one Filippov solution exists and any such solution satisfies ζ x : [0,
, where φ is the cooperative term defined in Section III. Note that ζ(0) ∈ Z and, for any finite r, ζ ∈B(0, r) ⊂ Z ⇔ ζ x ∈ Z x , which we prove in the following. Define the function
is well defined, and hence there exists a finite constantV such V(ζ (0)) ≤V and b m (0) ≤V, ∀m ∈M. We aim to show that V, given its initial boundedness, remains bounded ∀t ∈ R ≥0 , and so do the terms b m , ∀m ∈M. By differentiating V along the solutions of the closed loop system and in view of Lemma 1 we obtainV
Since V is continuously differentiable, the generalized gradient reduces to the standard gradient and therefore, after using Properties 1, 2, and grouping terms, we obtain
By also using Property 3, Assumption 1,
and (5), the adaptation laws (6), and using 
Moreover, note that achievement of the objectives expressed by φ is not pursued in this letter and may not be necessarily guaranteed due to the potentially counteracting terms of u i . The control scheme could be extended, however, by appropriately designing the terms φ(x) such that the resulting configuration of the agents implies φ(x) = 0, like, e.g., [3] , [4] , [9] .
Remark 2: Since s i,j = s j,i (due to Proposition 3), ∀i, j ∈ N , i = j, the control scheme can be extended to directed communication graphs, by setting for the ith agent (3) and
and appropriately modifying the control law. Similarly, collision avoidance with static environment obstacles could be incorporated in the overall scheme. An event-triggered extension is also possible by employing results from the related literature, e.g., [28] . Finally, for implementation purposes in real applications, the discontinuous part of (5) could be approximated by a continuous function via the boundary layer technique [29] , e.g.,
and ij is a small positive constant.
V. SIMULATION RESULTS
We consider a simulation example with N = 8 rigid bodies in SE( is the quaternion conjugate, ⊗ denotes the quaternion product, and e ϕ i , e i are the scalar and vector parts, respectively, of the quaternion error [25] . The desired quaternion configuration is achieved when e η i = [ ± 1, 0, 0, 0] and hence the function φ(x) is chosen as φ(x) = i∈N ( and v i (t) (right), ∀i ∈ N , t ∈ [0, 15]. A short video that demonstrates the aforementioned simulation example can be found in https://youtu.be/IAni7zIMM7k.
VI. CONCLUSION AND FUTURE WORK
This letter proposes a closed-form barrier function as well as a robust decentralized control scheme for the multi-agent collision avoidance of 3D ellipsoids, using discontinuous and adaptive controllers. Future efforts will be devoted towards adding connectivity properties to the current framework and resolving issues of local minima.
